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Abstract 

An approximation theorem for minimal surfaces by complete minimal surfaces of finite 
total curvature in is obtained. This result can be extended to the family of complete 
i^H ' minimal surfaces of weak finite total curvature, that is to say, having finite total curvature on 

, proper regions of finite conformal type. We deal only with the orientable case. 

1 Introduction 

in 

I The classical theorem of Runge deals with the uniform approximation problem for holomorphic 

functions on planar regions by rational functions on the complex plane. This result can be gener- 
alized to the approximation of continuous functions on Jordan curves, meromorphic functions and 

■ interpolation theorems, among other problems. Specially interesting is the approximation problem 
for meromorphic functions on regions of a compact Riemann surface by globally defined meromor- 

■ phic functions having prescribed poles and zeroes (algebraic approximation). For instance, see the 
^\ I viforks by Bishop [3], Scheinberg [18, 19] and Royden [17] for a good setting. 

. By Huber's theorem [6], any Riemann surface M with possibly non empty compact boundary 

that admits a conformal complete minimal immersion with finite total curvature {FTC for short) 
in M.^ has finite conformal type, that is to say, M is conformally equivalent to M"^ — E, where 
M'^ is a compact Riemann surface with possibly non empty boundary and E C M'^ — d{M^) is a 
^ i finite set (the topological ends of M). In addition, R. Osserman [20] proved that the Weierstrass 

data of the immersion extend meromorphically to the so-called Osserman compatification M'^ of 
M. The term "algebraic" is then equivalent to the expression "of finite total curvature" in this 
context. Pirola [16] proved that any finitely punctured compact Riemann surface admits non-rigid 
conformal complete minimal immersions of FTC in M^. A conformal complete minimal immersion 
AT : Af — 7> is said to be of weak finite total curvature ( WFTC for short) if has FTC for all 
proper regions C of finite conformal type. 

Runge's theorem has played an interesting role in the general theory of minimal surfaces. 
However, and contrary to its original spirit, it has taken part in very sophisticated arguments 
for constructing complete (or proper) minimal surfaces with arbitrary topology that are far from 
being algebraic in any sense (see the works of Jorge-Xavier [8], Nadirashvili [15], Lopez-Martin- 
Morales [13], Morales [14], Alarcon- Ferrer-Martin [2], Ferrer- Martin-Meeks [5] and Alarcon-Lopez 
[1], among others). 
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The aim of this paper is to obtain approximation results for complete minimal surfaces in 
with FTC and non empty compact boundary by open complete minimal surfaces of WFTC with 
arbitrarily prescribed conformal structure and flux map. For a thorough exposition of our results, 
the following notations are required. 

If X : M — >■ is a conformal minimal immersion and 7 C M is an oriented closed curve, the 
flux of X on 7 is given by px{j) fi{s)ds, where s is the oriented arclength parameter on 7 

and /i(s) is the conormal vector of X at 7(5) for all s. Recall that /x(s) is the unique unit tangent 
vector of X at 7(5) such that {dX {'y' (s)) , iJ,{s)} is a positive basis. Since X is a harmonic map, 
Px (7) depends only on the homology class of 7 and the well deflned flux map px ■ Hi (M, Z) 
is a group homomorphism. 

As usual, a surface is said to be open if it is non-compact and has empty boundary. 

Definition 1.1 Let N be an open Riemann surface, and let M be a proper region of N with com- 
pact boundary. Throughout this paper, we will deal with the following spaces of minimal surfaces: 

(a) £{N) is the space of conformal complete minimal immersions X : N ^M'^ of WFTC. 

(b) £n{M) is the space of conformal complete minimal immersions X : M ^ M.^ of WFTC that 
extend as a conformal minimal immersion to some neighborhood of M in N. 

If M has finite conformal type, £n{M) is the space of conformal complete minimal immersions 
of M in with FTC that extend to some neighborhood of M in N. Obviously E{M) = £m{M) 
when M is open. All these spaces will be endowed with the topology of uniform convergence 
on (not necessarily compact) proper regions of finite conformal type in M. To be more precise: 

Definition 1.2 A sequence c £m{M) is said to converge in the C° topology to Xq g 

£n{M) if for any proper region Q, C M of finite conformal type, {^n|n}n6N — ^ ^o|n uniformly on 
fl, that is to say, in the C^{fl) -topology associated to the norm of the supremum^ on fl. If M has 
finite conformal type, this topology coincides with the one of uniform convergence on M. 

Our first result is the following density theorem, in which all the involved immersions are of 

FTC (sec Corollary 4.1): 

Theorem I (Basic Approximation Theorem): Let N be an open Riemann surface 
of finite conformal type, let M be a compact region in N such that N — M consists of 

a finite collection of pairwise disjoint once punctured discs and consider X € £n{M). 

Then there exists {l^jneN C £{N) such that {Yn\M}neN — ^ X uniformly on M and 
PYr, = Px for all n. 

Given two Riemann surfaces M and M* with possibly non empty compact boundary, M* is said 
to be an extension of M if M is a proper subset of M*, M n d{M*) = and M* - M° contains 
no compact connected components that arc disjoint from d{M*), where M° is the topological 
interior of M in M* . In particular the induced group homomorphism : /fi(M, M) — > iJi(M*,R) 
is injective, where j : M ^ M* is the inclusion map (up to the natural identification we consider 
i?i(M, R) C Hi{M* ,W)). This notion makes sense even when M is not connected. 

Wc have also proved the following general approximation result (sec Theorem 4.2): 

Theorem II (General Approximation Theorem): Let M be a Riemann surface of 
finite conformal type with d{M) ^ 0, and let N be any extension of M with d{N) = 0. 
Consider X s £n{M) and a group homomorphism q : Hi{N,Z) — >■ such that 
q\hi{m,i.) = Px- 

^ By the maximum principle at infinity, in tiie norm of the maximum. 
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Then there exist {Yn}neN C £{N) such that {Vn|M}neN X uniformly on M and 
Py„ = q for all n. 

As a consequence, £{M*) ^ for any open Riemann surface M*, and for any group homomor- 
phism q : Hi{M* ,1) we can find Y e £{M*) with py = q. The key idea of the General 

Approximation Theorem is to prove an algebraic bridge principle for complete minimal immersions 
of FTC which allows good control over the conformal structure, asymptotic behavior and flux map 
(see Theorem 4.1). This bridge principle can be used in general connected sum constructions for 
complete minimal surfaces of finite total curvaturc(sce [11]). Other results of this kind can be 
found in Kapouleas [9], Yang [23] and White [21, 22] papers. 

The paper is laid out as follows. Section 2 is devoted to some preliminary results on Algebraic 
Geometry, and in Section 3 we go over the Weierstrass and spinorial representations of minimal 
surfaces. Section 4 contains the main results: the Algebraic Bridge Principle is proved in Subsection 
4.1 whereas the Basic and General Approximation Theorems are proved in Subsection 4.2. 

In a forthcoming paper [12] the author will extend this analysis to the nonorientable case. 

2 Preliminaries on Riemann surfaces 

As usual, we call C = C U {oo} the extended complex plane or Riemann sphere. 

Given a Riemann surface M, d{M) will denote the one dimensional topological manifold de- 
termined by the boundary points of M, and Int(M) the open surface determined by the interior 
points of M. Obviously, Int(M) = M - d{M). Given S C M, write 5'° and 'S for the topological 
interior and closure of S in M, and likewise Fr{S) = S — S° for the topological frontier of S. If S 
is a topological surface with the induced topology then d{S) C Fr{S), but in general the contrary 
is false. A proper connected subset S C M is said to be a region if it is a topological surface with 
the induced topology. An open connected subset of Int(M) will be called a domain of M. 

Given two Riemann surfaces M and M* with possibly non empty compact boundary, M* is 
said to be an annular extension of M if M* is an extension of M and M* — M° consists of a finite 
collection of compact annuli and once punctured closed discs. If in addition M* — M° is compact 
then M* is said to be a trivial annular extension of M. In this case M and M* are homeomorphic. 

2.1 Approximation results on Riemann surfaces 

Let be a Riemann surface with d(N) = %, and let S* be a subset of N with S ^ N. A connected 
component V of N — S is said to be hounded if V is compact. 

Definition 2.1 We denote by 5^(5') the space of continuous functions f : S ^ C such that f 
is meromorphic on some open neighborhood of S° (1 S in N and f{P) ^ oo for all P G S — S° . 

If S is open then (S) coincides with the space of meromorphic functions on S, hence does not 
depend on N and is simply written 5^(5'). We write {S) (and do{S) when S is open) for the 
corresponding space of holomorphic functions. 

If V is an open subset of and 5 C V then ^^{S) = ^'^{S) and ^^(5) = ^^{S). 

All these spaces will be endowed with the w(S')-topology, namely, the topology of the uniform 
convergence on S. To be more precise, we shall say that a function / S {S) can be uniformly 
approximated on S by functions in ^{N) if there exists {fn}nen C such that {|/n|s — 

/llnsN — ^ uniformly on S. In particular all /„ have the same set Vf of poles on S. Likewise we 
define the uniform approximation of an / G (S) by functions in ^oi^)- 

A complex 1-form ^ on S is said to be of type (1, 0) if for any conformal chart {U, z) on N we 
have that 9\uns = f{z)dz for some / : J7 fl 5 — )• C. For instance, holomorphic and meromorphic 
1-forms on N are of type (1,0). 
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Definition 2.2 We denote by W^{S) the space of 1-foms of type (1,0) on S with 9{P) ^ oo for 
all P G S — S° and being meromorphic on some open neighborhood of S° (1 S in N. If S is open 
then 2U^ (S) coincides with the space of meromorphic 1-forms on S, hence does not depend on N 
and is simply written W{S). We write {S) (and Wo{S) when S is open) for the corresponding 
space of holomorphic 1-forms. 

If V is an open subset of TV and 5 C F then 2n^(5) = {S) and {S) = W^{S). 

A 1-form 9 S {S) can be uniformly approximated on S by 1-forms in *2IJ(iV) if there ex- 
ists {On}nm C W{N) such that {^^j^\snK}nm — )■ in the u:{S fl -fr)-topology for any closed 
conformal disc {K^z) on TV (we are assuming that z : K ^ C C extends as a conformal 

parameter beyond if in A^). In particular all On have the same set of poles Ve on S. As above, we 
say that {9n\s}nen ^ in the a;(5)-topology. Likewise we define the uniform approximation of a 
6 e W^{S) by 1-forms in Wo{N). 

Let D\X){S) denote the free commutative group of divisors of S with multiplicative notation. 

If D = rir=i<3r' ^ Dit)(5), where € Z - {0} for all «, the set {(3i,...,Q„} is said to be 
the support of D. Let Deg : '£)\X){S) — >■ Z be the group homomorphism given by the degree map 
®e£i(n*=i<9"' ) = E*=i"j- A divisor D e S)it)(5) is said to be integral \{ D = HlLi and 
Ui > Q for all i. Given Di, D2 € 2)10(5*), Di > D2 if and only if DiD^^ is integral. For any 
/ G d^iS) we denote by (/)o and (/)oo its associated integral divisors of zeroes and poles in S, 
respectively, and label (/) = (/)o/(/)oo as the divisor associated to / on S. Likewise we define 
(61)0 and {0)oc, and write (9) {e)a/{e)oc for the divisor of 6* in 5, (9 e 2U^(5). 

E. Bishop [3], H. L. Royden [17] and S. Scheinberg [18, 19], among others, have proved several 
extensions of Runge's theorem. For our purposes, we need only the following compilation result: 

Theorem 2.1 Let N be a Riemann surface with d{N) = 0, and let S (Z N be a compact not 
necessarily connected subset consisting of a finite collection of pairwise disjoint compact regions 

in N, and a finite collection of pairwise disjoint Jordan arcs with endpoints at the boundary of 
these regions and otherwise disjoint from them. Let E C N — S be a subset meeting each bounded 
component of N — S in a unique point. 

Then any function f G (S) can be uniformly approximated on S by functions {fn}neTi in 
d{N) n g^o(A^ - (EU Vf)), where Vf = f~^{oo) C S. Furthermore, if D £ Di\}{S) is an integral 
divisor, the sequence can be chosen in such a way that (/ — /n|s)o > D- 

2.2 Compact Riemann surfaces 

The background of the following results can be found, for instance, in [4] . 

In the sequel, R will denote a compact Riemann surface with genus u >1 and d(R) = 0. 

Label Hi{R, Z) as the 1** homology group with integer coefficients of R. Let B = {aj, 6j}j=i,...,,y 
be a canonical homology basis of Hi{R,Z), and write the associated dual basis of 

Wo{R), that is to say, the one satisfying that = Sjk, j, k = 1, . . . ,y. 

Denote by 11 = {'Kjk)j,k=i,...,v the Jacobi period matrix with entries -Kjk = Ji,^^j^ ii k = 
1, . . . ,v. This matrix is symmetric and has positive definite imaginary part. We denote by L{R) 
the lattice over Z generated by the 2i/-columns of the vx2u matrix (/^ , 11), where Ii, is the identity 
matrix of dimension v. 

Finally, call J{R) = C /L{R) the Jacobian variety of R, which is a compact, commutative, com- 
plex, i^-dimcnsional Lie group. Fix Pq € R, denote by </5P(, : 2)iD(i?) — J{R), <PPo (11^=1 Q]^) = 

J2j=i ^3 '^(Ipo Ipa the Abel-Jacobi map with base point Pq, where *( • ) means matrix 

transpose. If there is no room for ambiguity we simply write (p. 
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Abel's theorem asserts that D G D\o{R) is the principal divisor associated to a meromorphic 
function / e 21J(i?) if and only if T)eg{D) = and ifi{D) = 0. Jacobi's theorem says that (p : ^ 
J{R) is surjective and has maximal rank (hence a local biholomorphism) almost everywhere, where 
Ri, denotes the space of integral divisors in 'Siv{R) of degree v. 

Ricmann-Roch theorem says that r(D~^) = 2)efl(D) — g+l + i{D) for any D G 2)io(i?), where 
r{D^^) (respectively, i{D)) is the dimension of the complex vectorial space of functions / € S{R) 
(respectively, 1-forms 9 e W{R)) satisfying that (/) > D^^ (respectively, (9) > D). 

By Abel's theorem, the point kr := <f{{0)) G J{R) does not depend on e W{R). It is called 
as the vector of the Riemann constants. Write S (i?) for the set containing the 2'^" solutions of 
the algebraic equation 2s = kr in J{R). Any element of S{R) is said to be a spinor structure on 
R. A 1-form 9 G 2II(i?) is said to be spinorial if (6*) = D'^ for a divisor D G Dii){R). Denote by 
&{R) (respectively, &o{R)) the set of spinorial meromorphic (respectively, spinorial holomorphic) 
1-forms on R. Two 1-forms 6*1, 6*2 G &{R) are said to be spinorially equivalent, written 9i ~ 6'2, if 
there exists / G d{R) such that O2 = pO\. A class 6 G determines a unique spinor structure 
sq G S{R). Indeed, it suffices to take 6 € Q and define .se = 'fiiD), where = (9). By Abel's 
theorem s@ does not depend on the chosen G 8. 

The map — > S{R), O 1— > ,se is bijcctive. To see this, take .s G S{R) and use Jacobi's 
theorem to find an integral divisor D' G 1)\0{R) of degree satisfying (p{D') = s. By Abel's 
theorem (D'Pq^)'^ is the canonical divisor associated to a spinorial meromorphic 1-form whose 
corresponding class 8^ in satisfies sq^ = s. 

Spinor structures can be also introduced in a more topological way. Indeed, take s G S{R) 
and 6 G Qs- For any embedded loop 7 C i?, consider an open annular neighborhood A of 7 and a 
conformal parameter z : A ^ {z G C : l<|z|<r}. Set Cs(7) = if ^9{z)/dz has a well defined 
branch on A and ^s{l) = 1 otherwise, and note that this number does not depend on the annular 
conformal chart. The induced map : Hi{R,Z) — )• Z2 does not depend on ^ G Og and defines a 
group homomorphism. Furthermore, S^si = Cs2 if only if si = S2, and therefore S{R) can be 
identified with the set of group morphisms Hom(ffi(i?, Z), Z2). We also write = Csei ^'^^ 
e G 



2.3 Riemann surfaces of finite conformal type 

LetM be a Riemann surface possibly with non empty compact boundary and of finite conformal 
type. The Osserman compactification M'^ of M is obtained by filling out the conformal punctures 
of M (that is to say. the anuular ends of M of finite conformal type). Attaching conformal discs 
to the boundary components of M'^, we get a compac Riemann surface R without boundary that 
will be called a conformal compactification of M. Notice that is unique, whereas R depends 
on the gluing process of the conformal discs. With this language, M'^ = R — {U^^iUj) and M = 
M'^ — {El, . . . , Ea}, where Uj, j = 1, . . . ,b are open discs with pairwise disjoint closures in R and 
{Eu...,E^}cM'=-d{M-). 

Let M be a Riemann surface of finite conformal type, and call Hi (M, Z) as the 1** homology 
group of M with integer coefficients. Set 

6(M) = {9g <21J(Int(M)), (61) = , D G S)it)(Int(M))}, So(M) = 6(M) n 2Bo(Int(M)). 

Two 1-forms 9i, 92 G &{M) are said to be spinorially equivalent if there exists / G ^J(Int(M)) such 
that 6»2 = f^Oi. Define the map ^ : -i> Hom(iJi(M, Z), Z2), 8 h-^ ^e, as above. 

Lemma 2.1 The map ^ : Hom{Hi{M,Z),Z2) is bijective. 
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Proof: Standard monodromy arguments give that ^ is injective. 

Write M = M'^ - {Ei,...,Ea} and d{M) = U^^iCj, where Co is a Jordan curve for all j 
and Cj^ n = when ji ^ ,72 • Consider a family Vi, . . . ,Va of pairwise disjoint closed discs in 
M" - d{M) such that Ei e V^° for nWi = I,..., a.. Labeling r := a + 6 > and {di, ...,dr} = 
{diyi), i = 1, . . . , a} U {cj, j — 1, . . . , 6}, we know that {ai, . . . , a,/, 61, . . . , 6^, di, . . . , dr-i} is 
a basis of -ffi(M, Z), so Hom(ffi(M, Z), Z2) contains 2^'^+''"-^ elements. Let i? be a conformal 
compatification of M. and write = {Qj, j ~ 1,...2^"}. Choose 6j € Qj for each j and call 

/j = 0j/9i G J = 1, • • • , 2^"^. Since and 8j correspond to different spinor structures on R, 

i 7^ j) \/ 1^3 t^s-s no well defined branches on i?, hence on Int(M). Thus {^'j"lint(M) • i = 1> • • • 2^"^} 
are pairwise spinorially inequivalent in (S(M). Write M'^ = R — uj^^f/j, where I7j is an open disc 
in R with d{Uj) ~ Cj for all j, and fix Ea+j G C/j, = 1, . . . , b. For any J C {1, . . . , r — 1}, 
J ^ 0, use Jacobi's theorem to find an integral divisor Dj G of degree + ^(J) — 1 

verifying ip{DjEr'^'"'^^ IljeJ ^i^) ~ '^^^^i'® tt('^) is the cardinal of J. By Abel's theorem, there 
exists Tj € QS{R) with canonical divisor (rj) = DjEr'^^'^^Y\j^jE~^. Since fiTj/Oj has a pole 
of odd order at some Eh, and 6'jlint(M) ^"^^ spinorially inequivalent in 6(Af), i,j e 

{1, . . . , 2^^}, and likewise for any pair (/iiT"Ji)lint(M)' (/i2TJ2)llnt(M) "^i^h {ii, Ji) ^ (^2, J2). Thus 
the set {0,|int(M). J = 1, ■ • ■ , 2^"} U {(/.rj)|int(^), i = l,...,22^ J C {1, . . . , r - 1}, J ^ 0} 
consists of 2^''+''"^ pairwise spinorially inequivalent 1-forms in S(M), proving the surjectivity of 

□ 



3 Analytic Representations of Minimal Surfaces 

Let iV be an open Ricmann surface and M G N a, proper region with compact boundary. 

Let X be a minimal immersion in £n{M). Write dzX = (0i,02,03) and notice that dzX € 
(M)^. Since X is conformal and minimal, then (jyi = — g)4>3 and ^2 = 1(1/5 + 5')'^3> 

where g G 5'^(Af ) and up to the stcrcographic projection coincides with the Gauss map of X. The 
pair (g, 03) is known as the Weierstrass representation of X. 

Clearly X{P) = X{Q) + Re (0i, 02, ^s), P, Q G M. The induced intrinsic metric ds^ on M 
and its Gauss curvature /C are given by the expressions: 

The total curvature of X is given by c(X) := Jj^JCdA, where dA is the area element of ds"^, and 
the flux map of X by the expression : Hi{M, Z) ^ R'', px{l) = Im 

By Huber, Osserman and Jorge-Meeks results [6, 20, 7], ii X is complete and of FTC then X 
is proper, M has finite conformal type, the Weierstrass data {g, 4>^) of X extend meromorphically 
to and the vectorial 1-form d^X has poles of order > 2 at the ends. 

Remark 3.1 Recall thai 8n{M) is endowed with the C*^ topology of the uniform convergence on 
proper regions of finite conformal type (see Definition 1.2). Take n G N} U {X} C £n{M) 

and assume that {Xn}n£n X in £n{M). IfflcMisa proper region of finite conformal type, 
it is not hard to see that — X)|oc}neN ^ uniformly on fi"^ and the Weierstrass data of 

Xn converge in the u}{Vf) -topology to the ones of X on Q.'^. Indeed, just observe that by Riemann's 
removable singularity theorem X„ — X extends harmonically to the punctures of O for all n, and 
{Xn — X}neN uniformly on fl^ as well. 

Assume now that M has finite conformal type, consider X G £n{M) and write {g,4>3) for its 
Weierstrass data. Since ds^ has no singularities on M (see equation (1)), r]i = — and 772 = 035 
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are 1-forms in (M) without common zeroes on M and spinorially equivalent in 6o(M*), where 
M* is any trivial annular extension of M in A?^ to which X extends. Furthermore, we know that 
at least one of them has a pole (of order > 2) at -B for each E e — M. The next lemma shows 
that the converse is true: 

Lemma 3.1 (Spinorial Representation) Let N be an open Riemann surface, let M be a proper 

region in N of finite conformal type and let M* be a trivial annular extension of M in N. Let rji , 
r]2 be two spinorially equivalent 1-forms in &o{M*) n2n^(M'^) such that \rji\ + \r]2\ never vanishes 
in M, at least one of the 1-forms rij, j = 1, 2, has a pole at E for each E e M'^ — M, and 5(771 —r?2), 
1(771 + 772) and y/r]ir]2 have no real periods on M. 
Then the map X : M ^R^, 

x{P) = Rel^ (^^{vi-v2),'^{m + m),Vvmy Po&m, (2) 

is well defined and lies in £n{M). 

Proof: Since 771 and r/2 are spinorially equivalent in &()(M*) and lie in !2U^(M'^), there is g G 
^^{M") such that 772 = g^rji, and therefore ^3 := y^^i772 is well defined. As 5(7/1 — 772), 5(771 + 772) 
and ^3 have no real periods on M, then X is well defined. Furthermore, from our hypothesis 
■J |(/)3p(|i| + |g|)^ never vanishes on M, hence X is the minimal immersion with Weierstrass data 
{g, (ps). Following Osserman [20], X is complete and of FTC. □ 

The pair (771,772) will be called as the spinorial representation of X (see [10] for a good setting). 



4 Approximation by complete minimal surfaces with FTC 

Roughly speaking, the aim of this section is to prove that any figure in consisting of two complete 
minimal surfaces with FTC and non empty compact boundary (for instance, two compact minimal 
surfaces) and a Jordan arc connecting them, can be uniformly approximated by complete minimal 
surfaces of FTC without boundary. Furthermore, the conformal structure and the flux map of the 
approximate sequence can be prescribed. 

For a thorough explanation of these results, the following notations are required. 

Let A'' be an open Riemann surface, and let Mi, M2 be two proper regions in N with flnite 
conformal type and non-empty boundary, where either Mi fl M2 = or Mi = M2. Call M = 
Ml U M2 and consider an analytic regular Jordan arc C N with endpoints Pi G d{Mi) and 
P2 G d{M2) and otherwise disjoint from M. We will always assume that (3 lies in an open analytic 
arc l3o in N such that Pq — 13 C M and /3o meets transversally d{Mi) at Pi, i = 1, 2. See Figure 1. 

A proper region V G N \s said to be; an annular extension of U /? in N \i M \J (3 C V° , 
V — {M°Uf3) contains no connected components with compact closure that are disjoint from diV), 
and V — (M° U (3) consists of a finite collection of compact annulus and once punctured closed 
discs (see Figure 2). In particular, the induced homomorphism : i7i(MU /3, Z) — > Hi{V, Z) is an 
isomorphism, where j : MU/? — >■ ^ is the inclusion map. If in addition the closure of 1^— (M° U/9) 
is compact, then V is said to be a trivial annular extension of ML) 13. 

A map X : M U (3 ^ M."^ is said to be smooth is X|mj , j — 1,2, and are smooth. For 

instance, if F : ^ R'^ is a smooth map then X = F|mu/3 is smooth. 

Definition 4.1 We denote by £n{M U (3) the space of smooth maps X : M U /3 — ^ such that 
Xj := X\mj € £N{Mj), j = 1, 2, and is a smooth immersion. 
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Figure 1 : The surface M and the curve (3 when Mi n Af 2 = and Mi — Af 2 ■ 




topological 
cud 



Figure 2: An annular neighborhood V oi M U /3. 



It is clear that Y\Muf! € Sn{M U /3) for all Y e 8{N). 

Consider X S Sn{M U /3) and let ct : /3 — >■ R'^ be a smooth normal field along /? with respect 
to X. This simply means that a extends as a smooth and unit field to /3o, cr(/3o(t)) is orthogonal 
to {X\pg)'{t) for any smooth parameter t on and a is tangent to X at points of Af n /3o 

(see Figure 3). Let s be an arclength parameter along X\p and label Bs{Pi) as the ordered basis 
{(X|^)'(si), tT(si)} of the tangent plane of X\m at Pi = ^{si), i = 1,2. The field a is said to be 
orientable with respect to X if Bs{Pi) and Bs{P2) are both positive or negative with respect to 
the orientation of N. 

Definition 4.2 We call £'^{M U /3) as the space of marked immersions X„ {X,a), where 
X € £pf{Mup) and a is a orientable smooth normal field along /? with respect to X, endowed with 
the C'^{M U (5) -topology of the uniform convergence of maps and normal fields on M U f3. 

Given Xa- C £pf{M U let dzX^ = (0^)^=1,2.3 be the complex vectorial 1-form of type 
(1,0) on Af U /3 given by d.X^Ui = 5,(X|m), d,X^{P'{s)) (X|^)'(s) + ia{s), where s is 
the arclength parameter oi Xlp for which Bs{Pi) and Bs{P2) are both positive. To be more 
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Figure 3: A smooth normal field a along /? with respect to X. 



precise, if {U,z — x + iy) in a. conformal chart on iV such that (3 \^ U — z ^(R n z{U))^ then 
{d,X,)\pr^u = [{X o /3)'(s) + ia{s)\s'{x)dz\pr^u, and so d,X, e 2n*(M U D 2n*(M^ U 
where — Mf U M| is the Osserman compactiflcation of M and TV is the open Riemann 
surface constructed by filling out the punctures corresponding to the annular ends of N with finite 
conformal type {M'^ C iV in a natural way). Likewise set fji = <t>i — i(f>2, fj2 = —4>i — i4>2 and 
9 = %/03- Note that 0j|/g is smooth in the above sense, j = 1,2,3, and the same holds for 7)^1^, 
i = 1,2. In a similar way, g is smooth on /? and lies in {M'^ U /3) provided that g 7^ oo on 
/3 — {Pi, P2}- Notice that X]j=i 4>'] = ^ and Re((/)j) is an exact real 1-forni on M U (3, j = 1, 2, 3, 
hence we also have X{P) = X{Q) + Re /g (0j)j=i,2,3, P, Q G A/ U /3. The pairs (g, ^s) and 
(%U/)j=i,2 will be called as the generalized Weierstrass data and spinorial representation of X^-, 

respectively. As X\m e £n{M), then (0^)^=1,2,3 := i$j\M)j=i,2,3, iV])j=i,2 = (%|m)j=i,2 and 
9 ■= 9\m are the Weierstrass data, spinorial representation and meromorphic Gauss map of X\m, 
respectively. Recall that all these data extend meromorphically to M'^. 

The group homomorphism px„ ■ Hi {M U /3, Z) — R'^, px„ (7) = Im dzX^, is said to be the 
generalized flux map of Xa-- 

Definition 4.3 For any Y G £iN) we write ay for the conormal field ofY along /3, and set 

m : SiN) ^ £*^{M U /3), m{Y) = {Y\mu0,ty). 

It is easy to check that the restriction map is continuous. 

For any Y G £{N) we have that p«h(1') — Py\hi(mui3)j where py is the flux map of Y. Two 
marked immersions X^-^ , Y^^ g £^ (M U /3) are said to be homologically equivalent on M U /3 if 

Definition 4.4 Given X^ G £'^{MU /3), we denote by £x„ (N) the space of immersions Y e £{N) 
for which 91{Y) is homologically equivalent to X^-- 

4.1 The Algebraic Bridge Principle 

Throughout this subsection, N is an open Riemann surface with finite conformal type. Consider 
Mi, i = 1,2 and /3 as in the beginning of Section 4, and keep calling Pi = (3 Mi € d{Mi), i = 1,2, 
as the endpoints of /?. We will also suppose that N — [M U /3) consists of a finite collection of 
pairwise disjoint once punctured discs, hence j, : Hi{M U /3, Z) — > Hi{N,7j) is an isomorphism, 
where j : M U (3 ^ N is the inclusion map. 
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Write V for the genus of the Osserman compatification N'^ of N, and put M'^ := M^^UMj C N'^, 
M = M'^ {El, Ea}, N = N'- {El, Ea+b} and No = - {Ea+i, Ea+b}. Label c, 
as the loop in d{Mi) containing Pi, i = 1,2, and Ui, . . . ,Ub as the connected components (open 
discs) of — (M^ U fi), where up to relabeling Ea+j ^ Uj, j = I, . . . ,b. 

Let Bq be a homology basis of Hi{M'^ U /3, Z), hence of Hi{No, Z). When Mi — M2 we choose 
B(j so that there exists an unique cq G Bq such that cq n /3 7^ 0. Furthermore, we can assume that 
/3 C Co and cq — (3 is an open arc in Int(A/'^) (see Figure 4). 



Figure 4: The curve co when M = Mi — AI2 and /3 joins two points of the same connected 
component of d{M). 

The following density theorem is the core of our paper. 

Theorem 4.1 (The Algebraic Bridge Principle) Let be an arbitrary immersion in£'^{M\J 
P). Then there exists a sequence {Yn\n&i C Ex„{N) such that {(l^nlMu^: o'Y„)}nGN ~^ ihe 
(M \J (3) -topology . Furthermore, if C is a positive constant and V an annular extension of M\Jj3 
in N, {Yn\n&i can be chosen in such a way that dy^iM U l3,d{V)) > C for all n, where dy^ is the 
intrinsic distance in N induced by Yn- 

The global strategy for proving this theorem has essentially two phases. Firstly, we show that 
the spinorial representation of Xa- on M U /? can be approximated by holomorphic spinorial data on 
TV extending meromorphically to iV^. These technical results are collected in Propositions 4.1 and 
4.2 and Lemma 4.1. In a second step, we prove that the approximate meromorphic data on iV^ 
can be slightly deformed in order to solve the period problem. This part corresponds to Lemmae 
4.2 and 4.3. Finally we prove Theorem 4.1. 

Let's start with the first phase of the program. 

As usual, write X^ = {X, cr) and Xi X\Mi, i = 1,2. 

Proposition 4.1 There exists a sequence {Yj,}j^^ C £^{M U (3) such that {Y"^^. }jgN — > X^ 
uniformly on Af U/3, Y^^^ is homologically equivalent to X^ on A/U /3 and Y^\Mi is non fiat, j G N. 

Proof: The proof is direct, we only give a brief sketch of it. Since any flat minimal surface can be 
approximated by non flat ones, we can find C £n{M) such that Y^\Mi is non flat for all 

j and {F-'ljgN — X\m in the C"(Af) topology. Then, we extend smoothly Y^ to (3 and construct 
a smooth normal field aj : (3 with respect to Y^ in such a way that Yj. is homologically 

equivalent to X^ and (F-' I/3, crj)}jgN — > (A|^,f7) in the topology on /3. □ 

By Proposition 4.1, we can restrict ourselves to the case that Xi is non-flat, i — 1,2. Indeed, 
if the theorem held in the non flat case, the immersions Yj. in Proposition 4.1 would lie in the 
closure of 9l{£x„{N)) in f^(Af U /3), were *H is the restriction map in Definition 4.3, hence the 




topological end 
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same would occur for X and the first part of the theorem would hold. The second one would be 
also obtained in the same process. 

Label dzX^- = ((/>j)j=i,2,3, and consider the generalized Weierstrass data {g,(j)3) and spinorial 
representation (%|Af)j=i.2 of X^. Write dg for the 1-form of type (1,0) on U f3 given by 
(IqIm" = d{g\M'=) and dg{(3'{s)) = (^|^)'(s), where s is the arclength parameter of Xlp. In other 
words, a {U, z = X + iy) is a conformal chart in N so that (5f\U = z~^i^ n z{U)), then dg\pr\U = 
{g\p)'{s)s'{x)dz\pr,u, and so dg € 211^' (M'^ U P) when g{P) 7^ oo for all P € /3 - {^1,^2}- Write 
('/'j)j=i,2,3 = (<^j|M)j=i,2,3, (%)j=i,2 = (%|M)j=i,2 and g = g\M for the Weierstrass data, the 
spinorial representation and the meromorphic Gauss map of X\m, respectively, and call with the 
same name their meromorphic extensions to M'^. 

Proposition 4.2 Without loss of generality, we can assume that g, 1/g, {g^ — 1), and dg never 
vanish on d{M) U (i (hence the same holds for fji, i = 1,2, and j = 1,2,3). In particular, 
g e d^^M" U P) and dg e 2B^'(M'= U /3). 

Likewise, we can also assume that g{Ei) ^ 0, 00, i = l,...,a, and g~^{{0,oo}) contains no 
branch points of g. Therefore, nii := Ordsii^'a) = OrdEi{r]i) = OrdEi{r]2) > 1, where Ordsii-) 
means pole order at Ei, i = 1, . . . ,a. 

Proof: Up to a rigid motion, we can suppose that g{Ei) ^ 0, 00, i = l,...,a and g~^({0,oo}) 
contains no branch points of g. Recall that X\m is non flat and extends as a conformal minimal 
immersion beyond M in N. Therefore, we can find a sequence Af^.i D Mi, 2 D ... of trivial annular 
extensions of Mj in A'' such that Mj_„ C M^^_i for any n, n„eNMj_„ = Mj, Xi and g extend (with 
the same name) as a conformal minimal immersion and a meromorphic function to Mj 1 , and g, 1/g, 
{g"^ — 1), and dg never vanish on 9(Mi^„) for all n, i = 1, 2. Label Nn = Mi_„ U M2.n, and without 
loss of generality assume that /3„ := /3 — N° is a Jordan arc connecting 9(Mi^„) and 9(M2,„). 
Up to suitably deforming X\^ and cr|/3, we can construct marked immersions Z^^ e £^{Nn U /3„) 
homologically equivalent to Xq- on MU/3 such that 2'"|Mi,„ = Xi\Mi,„^ * = 1) 2, {Z^J\Mui3}nen 
Xc in the C°(M U /3)-topology, and gn, 1/gn, {gl - 1), and dgn 7^ on d{Nn) U /3„, where 5„ is 
the generalized Gauss map of Z". If the theorem held for Z^^ , n e N, we would infer that Z^^ lies 
in the closure of ^{Sx^ i^)) ^iv(-^" f^n), n gN, hence the same would occur for X\mu0- The 
second part of the theorem would be also obtained in the same process. □ 

Let Qj denote the class of rij in ^73^ , and for simplicity write for ^q. : Hi [M, Z) Z2 . 
Observe that these objects make sense even when Mi fl M2 = and M is not connected. Let us 
show that there is a natural extension of to H\ {N, Z) depending on fjj . If Mi n M2 = then 
Hi{N, Z) = i?i(M U /?, Z) = ii'i(Mi, Z) ® Hi{M2, Z) and the extension is trivial, hence only the 
case M = Mi = M2 requires an explanation. Recall that all the zeroes of rjj = %|m have even 
order and fjj never vanishes on d{M) U /3 from Proposition 4.2, j = 1, 2. Take any conformal chart 
{A, z), where ^ C iV is an annular neighborhood of cq, and simply set ^j(co) = if ^J fjj {z) / dz has 
a well defined branch along Cq and $s(co) = 1 otherwise. 

The fact that 7)2 = g^ implies ^1 = ^2, and in this sense 171 and 7)2 are spinorially equivalent 
on Int(Af) U /3. Lemma 2.1 guarantees the existence of a unique spinor structure on A'^ associated 
to ^1. By definition, an 1-form 9 G &{N) is said to be spinorially equivalent to fjx (and so to 7)2) if 

= '^i, where O e is the class of 6. 

Lemma 4.1 There are {f/2 }neN C 6o(iV) n 2IT(iV=) such that: 

(^) {'7"|M=u/3}neN — > % in the uj{M'^ U f3)-topology, rj^ never vanishes on d{M) U (i, (j7"|Af=) = 
(%), (^7"^= - %)o > nti K% ^rid (r;")^ > Y{ltl+, £fe, ,J e {1, 2}, for all n G N, j = 1, 2. 

(ii) rji and 7/2 are spinorially equivalent in &{N) and have no commom zeroes on N. 



11 



Proof: The following claims will be useful: 

Claim 4.1 Let R he a compact Riemann surface with empty boundary and genus u. 

Given an open disc U C R, a point Q € R and a divisor Di € 'Div{R), there exists 
an integral divisor D2 G Diti{U) of degree v and no G N such that D'^'^D^^Q-"" is the 
principal divisor associated to some f G d{R), where m = nov — Dzq{D\). 

Proof: Since the proof is trivial when z/ = 0, we will assume that v> 1. By Jacobi's theorem, we can 
find an open disc W C U such that (pq : W,^ ipQ{Wi,) is a diffcomorphism, where (pg is the Abel- 
Jacobi map with base point Q and is the set of divisors in R^, with support in U. Since J{R) is 
a compact additive Lie Group and ipQ{Wi,) C J{R) is an open subset, for large enough no € N one 

has noPEiW^) = J{R)- Therefore, there is D2 G such that ipQ{D^") = <^q(-Di) = ifQiDiQ""), 
where m = UQiy — 'Dzq{Di). The lemma follows from Abel's theorem. □ 

Claim 4.2 We can fi.nd Oi, O2 G &o{N) n W{N'') so that \di\ + l^al has no zeroes in 
N, Oj is spinorially equivalent to 771 and 772, 6'j|Mu/3 is never-vanishing and {0j)oo > 

Proof: Take 9 G &{N) spinorially equivalent to fj\ and 572 (see Lemma 2.1). 

Let ki denote the zero order of 6 at Ei {ki = provided that 0{Ei) 7^ 0), i = 1, .... a, write 
(6»|jv) = Dl, and fix two disjoint open discs Vi, V2 C N" - [M" U 13). By Claim 4.1, there are 
Dj G 2)io(V,), Uj G N and h^ G ^{N") such that {hj) = D"-' E^llD^'^Yl'l^^E-'^'-''' , where 
Vj = njDtQ{Dj) - DtQ{Do) - E"=i(mi + ki), j = 1, 2. It suffices to put 9j = hp, j = 1,2. □ 

Let ruij > 2m, denote the pole order of at i = 1, . . . , a, and likewise call Ukj as the zero 
order of 6j at Ea+k (^^/s,j = provided that 9j{Ea+k) ^ 0), k = 1, . . . ,b. Set Sj = j = 1, 2, and 

observe that: Sj G {M'^ U /3). Moreover, Proposition 4.2 and Claim 4.2 give that sj 7^ 0, 00 on 
d{M) U P, (s, |mO = {Vj)o UUi Ep--""' > n-=i E^', J = 1, 2, and + |s2| has no zeroes 
in M U ^. By Claim 4.2 again, there is tj G do i^" U l3) such that Sj = t], j = 1, 2. 

Let Ci be a collection of pairwise disjoint closed discs in — (M"^ U /?) containing all the zeroes 
of 92\n (see Claim 4.2) and meeting all the bounded components of N'^ — (M'^ U (3). 

Consider a continuous map t\ : M'^U^UCi C, |m<:u/3 = t\ and tJIci = 5, where 5 is any non- 
zero constant. By Theorem 2.1 and for each n G N we can find a function Hn,i G ^{N'^) n 5o(Ao) 
such that \Hn,i-t\\ < 1/n on iW^U/JUCi and (i?„,i |m- -ti)o > (%)o 11^=1 £'™''i+'"\ In particular, 
(iJ„.i/ti)|M<= is holomorphic and {Hn_i/ti)\M'"ji3 and -ff„,i|ci are never-vanishing for large enough 
n (without loss of generality, for all n) . 

Let us see that the sequence of pole orders {Ord£;^^j.i?„_i}„£N is divergent for all fc G {1, . . . , b}. 
Reason by contradiction, and assume that this sequence is bounded for some /c G {1, . . . , &}. Since 
{Hn,i\Qijj^)}n&i converges uniformly to and F„,i G "^o" u - {Ea+k})^^'^'' {U k) for all n, 

up to subsequences {ffn.il^jJneN ^ wo G 3'^'(?7fc)nS^^'([/fc-{Sa+fc}), whcic wo\q(Jj^-^ = ti\o(Uk)- 
However {-f^n,i|{7fcnCi}neN ~^ 5 and wo\q(ij^-^ is non-constant, contradicting the Identity Principle. 
Thus, without loss of generality we can assume that Ord^fc-ffn,! > {nk,i + l)/2 for all n G N, 
k=l,...,b. 

Call Fn,i = (ff„,i)^, and notice that {i^ra,i}ragN — > S\ in the w(M'^U/3)-topology, Fn^\/s\ is never- 
vanishing on M'^UjS and holomorphic on M'^, Fn,i never vanishes on 9(M)U/3, (i^n,i^i|M<=) = ('?i), 

{{Fn,i - si)|mOo ^ ('^i)" nti ^^r'^^"' and (F„,i)oo > n^i'+i K"''^' for all 
Setting r]i := i^n, 1^1 1 item (i) holds for j = 1. 

Choose a collection C„,2 of pairwise disjoint closed discs in A'' — (M^ U (3) containing all the 
zeroes of 77" in A' — M'^ and meeting all the bounded components of A^*^ — (A'/"^ U (3). Set t* 2 : 
M° U /3 U Cn,2 — >■ C, 2|m=U;3 = ^2 and 2lc„,2 = '^i where 5 is any non-zero constant. As above 
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we can construct iJ„,2 G diN") n S'o(iVo) satisfying that |i?„,2 - t^,2l < 1/" on M" U p U C„,2, 
(-ffn,2|M= — ^2)0 > (^2)0 riiLi i?;™''^^™', Hn^2/t2 IS holomorphic and never-vanishing on M° U ^, 
^?ra,2|c„,2 is holomorphic never vanishing, and Ord£;j.ff„,2 > ('T-fe,2 + 1)/2 for all n G N, fc — 1, . . . ,b. 
Set F„^2 = {HnfiY, and observe that {-F„^2}TieN — S2 in the a;(M° U /3)-topology on M'^ U /3, 
the holomorphic function Fn^ij si is never-vanishing on Af^ U /3 for all n, (Fn,2^2|M<:) = (^2)1 

((Fn,2 - S2)|mc)o > (r}2)o Rti C"^^"' and (F„,2)oo > n^ia+i for all n. 

Choosing r]^ ■= fn,2^2, item (i) holds for j = 2. 

Let us check item (ii). Obviously, 77" and arc spinorially equivalent in 6{N). Note that 
Fn,i\ci never vanishes, hence -|- |02| has no zeroes on N from the choice of Ci, n e N. Likewise, 
the choice of C„,2 and the fact that -F„^2|c„,2 never vanishes imply that \r]i \ + |?72 | have no zeroes 
on — (M U /?). Moreover, 77" and 773 never vanishes on d{M) U /3 and (77"|m=) = (57^)1 i = 1)2, 
hence jry"! -I- jr^J I never vanishes on M too and we arc done. □ 

By (ii) in Lemma 4.1, 0^ := ^^yf^ is well defined and lies in 2n(A^'=) n 2no(iV). Up to a 
suitable choice of the branch, we will assume that (p^ln — (ps extends holomorphically to M"^ and 
{<;^3 |m<=u/3 - 4>3}nen on U ^ as well. 

At this point we can start with the second phase of the program. 

Set £ = {/ G diN") n doiNo) : (/)o > n"=i Ep}. By Riemann-Roch theorem, £ is a linear 
subspacc of ^iN") n So{No) with infinite dimension (and finite codimension). 

Consider the complex normed space {^o^M" U /3), || • ||), where \\h\\ = Max{|/i(P)| : P G 
M'^ U 13} is the norm of the maximum inducing the w(M'^ U /3)-topology on iW^ U 13. Up to the 
restriction to Af^ U 0, we can consider C C do" i^" U /?). 

For each / e (M'^ U /?) set fij{f) = (1 + jf)^f}j, j = 1, 2, likewise define (pkif) and notice 
that - ^fe e S^^°(M^ U = 1,2,3. Call <?o = 3(2z/ + 6-1) and consider the Prechet 

differentiable map: 

V : df{M-Vjp) ^ V{f) = [{[ 4>j{f) - ^j)deBo]j=i,2,3. 

Jd 

It is clear that V{Qi) = [(0)d£So]j=i,2,3, where is the constant zero function. 

Lemma 4.2 If dVo : {M" U ^) — >■ C^" denotes the complex Frechet derivative ofV at then 
dPo(£) =C«. 

Proof: Reason by contradiction, and assume that dVo{^) lies in a hyperplane U = {((a;^)deBo)j=i,2,3 G 
EU(^deBo K^d) = Oh where E^A^deBo ^0. 
Therefore dPo(/) = ^^^r^L=o ^ for any / G £, that is to say 

/ ffli+ [ fm + I fh = 0, for all / G £. (3) 

where G Hi{M'^ U /3, C), j = 1, 2, 3, are the cycles with complex coefficients given by: 

ri= Y.{xl + ixl)d, r2 = 2 ^(-Ai + iA^)rf, r3 = 3 ^ x^d. 

deBo deBo deBo 

In the remaining of the proof, we consider rjj as meromorphic 1-forms in 2n^°(M'^) and g 
as a meromorphic function in (M*^). Furthermore, we only deal with divisors of meromorphic 
functions and 1-forms relative to M'^. It is crucial to take into account Proposition 4.2. 
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Set £o = {/ € >C : (/)o > (^3)0 = (5)0(5)00} ^^'^ ^^^e that Co is a hnear subspace of £ of 
of infinite dimension from Riemann-Roch theorem. Since rrii = OTdEi{4'3) and g{Ei) ^ 0, 00 for 
alH = 1, . . . , a, then df/cps G do^M" U /3) and (df/cps) > ULi ^T' all / € Cq- By Theorem 
2.1 there is {fn\n&i C C converging to df /(j}^ in the w(M'^ U /3)-topology. Applying equation (3) 
to /„ and taking the limit as n goes to +00, we infer that /p^ ^ + Jp^ ^d/ = for any / e Re- 
integrating by parts, 

M - / /dg = 0, forall/G£o. (4) 

Denote by Ci = {f G C : (/)o > (.9^ - l)o(^^,9)o DLi and as above observe that £1 

is a linear subspace of £ of infinite dimension. For any / G £1, the function /ij := li<^s 

in S^^°(M'= U /?) and satisfies that (hf) > (03)§ n»"=i -^I"' (take into account Proposition 4.2). By 
Theorem 2.1, hf lies in the closure of £0 in {^q" {M'^U (3), || • ||), hence equation (4) can be formally 



apphed to /i/ to obtain that /p^.p^ = 0) for any / G £1. Integrating by parts, 

0, forall/G£i. (5) 



(.9^ - 1)^ 

Let us show that Fi = Indeed, it is well known (see [4]) that there exist 2^ + b — 1 
cohomologically independent meromorphic 1-forms in W{N^) r\Wo{No) generating the first holo- 
morphic De Rham cohomology group 'Hj',Qi(A^o) of Nq. Thus, the map ff^oi(^o) — > C^''"'"^"^, 
M '"^ iId''')deB ' ^® a linear isomorphism. Assume that Fi ^ F2 and take r G 2ir(A^'^) r\Wo{No) 
such that /p^_P2 T 0. Since V := i?(iV'^) n iJo(-^o) has infinite dimension, we can find F G V 
such that (r + dF)o > {dg)l{g)l, n^i Set h := ^'"^'^^If''^^' G ;?^°(M'= U /3) and note that 

{h) > {g^ - ^)l{dg)l riLi By Theorem 2.1, h lies in the closure of £1 in {^^"{M" U /3), || • ||) 

and equation (5) gives that Jy^-T2 ^ ~ /ri-r2 = 0; a contradiction. 

Turning back to equation (4) and using that Fi = F2, one has 
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/(4- 1)^5 = 0, forall/G£o. (6) 
Ti 9 

Let us see now that Fi = 0. Reason by contradiction and suppose that Fi ^ 0. As above, take 

T G 2U(iV") n 2Uo(A^o) and G V such that /p^ r 7^ and (r + dH)o > {dg)o(g'^ - l)o 11^=1 ■ 

Set t := ^(gt^f/lg G ^^\M'' U /3) and observe that (t) > (03)g. By Theorem 2.1, t lies in the 

closure of £0 in (5^o^ (M'^U/3), || • ||)), hence from equation (6) we get that /p^ {j + dH) = /p^ r = 0, 
a contradiction. 

Finally, equation (3) and the fact that Fi = r2 = give that 



X3 



/<^3 = for all /g£. (7) 

Since Ej=i(Edei3o(^d)^) 7^ and Fi = F2 0, necessarily F3 ^ 0. Take r G 21J(/^'^) n Wo{Nq) 



and G G V such that /p. r 7^ and (r + dG)o > ('/'3)o- The function v := ^^^^ lies in ^^"{M^UP) 



and satisfies that (v) > OiLi -^I"'- By Theorem 2.1, t; lies in the closure of £ in {M'^ U (3) and 
equation (7) can be formally applied to v. We get that Jp^ r + di^ = 0, absurd. This contradiction 
proves the lemma. □ 

For each / G £ and n G N set ??"(/) = (1 + jfY'q'^, j = 1,2, and likewise define (ji'jif), 
j = 1, 2, 3. It is clear that r]:^{,f) - </)^(/) - </)^ G 2IIo(A^o),' hence 

0fc (/) - 0fe e Wf {M" U /3) for all / G £, n G N and G {1, 2, 3}. (8) 
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Following Lemma 4.2, let W C £ be a ?o-dimcnsional complex linear subspace such that 
dPoil^) = C*, and fix a basis {/j : d € Bq, j £ {1,2,3}} oiU. For the sake of simplicity 
we write fo = [{fa)deBo]j=i,2,3 G 

For any x = [{x^j)deBo]j=i,2,3 e C^" and h = [(/id)deSo]j=i,2,3 € we define x • h = 
Ej=i[EdeiJo ^d^d}- For each n G N U {0} and h G write Q„,h : C^" C^" for the vectorial 
degree two complex polynomial function given by 

Q„,h(x) = [( / cI>-{k . h) - ^,-)deBo]^=i.2,3, 

J d 

where we have made the convention (/>° = for all j. Equation (8) gives that Q„,h is well defined 
for all n and h. 

By Lemma 4.2 the holomorphic map Qo.fo non-zero Jacobian at the origin, hence we can find 
a closed Euclidean ball Kq C centered at the origin such that Qo,fo|ifo • — >■ Qo,fo(-f'^o) is a 
biholomorphism. Moreover, since Qo,fo(0) = then Qo.foC-'^o) contains the origin as interior point. 
Up to choosing Kq with small enough radius, we can also assume that 

||x-fo|| < lonM'^U^for allxe/i'o- (9) 
Lemma 4.3 We can find {fn}neN C C'" such that: 

(i) {fn|M<^u/3}neN fo|M<=u/3 in the uj{M'' U -topology. 

(ii) rjj-ix ■ f„) has poles at for all k G {1, . . . , a + b} , x G and n G N, j = 1, 2, 

(in) E^=i IVj'i^ ' fn)l never vanishes on N for all n E N and x G Kq. 

As a consequence {r?J'(x • fn)|Mu/3}neN — ^ %(x ' fo) in the a;(M'^ U j3y° -topology and {Qn,f„}rieN — ^ 
Qo,fo uniformly onx G Kq. 

Proof: By definition, it is clear that ??"(/) has poles at Ek for all /c G {1, . . . , a} and / G £. By 
Lemma 4.1, {?7"|m<:u/3 — %}neN — > on U /? and (?7"|m<^u/3) = (%) for all n. Let C„ be a finite 
collection of closed discs in A^o — (M'^ U (3) containing all the zeroes of 77" and 773 in -^0 — (-^° U /3) 
and meeting all the bounded components of N'^ — {M'^ U 13). 

For each d G Bq, n G N, and j G {1,2,3}, set Z^'" : U /3 U C„ ^ C, /i'"|M=u/3 = /i', 

By Theorem 2.1 and similar arguments to those used in the proof of Lemma 4.1, we can find a 
sequence {fi''^{m)}meN in satisfying that {/^'"(m)|Mcu/3UC„}„eN ^ /i'" in the u;(M'=Uj8uC„)- 
topology and the sequence of pole orders {Ord^;^,^^ (/c'"'(™))}meN is divergent for all G {1, . . . , b}. 
Up to subsequences, we can assume that: 

OTdE^+, ifirim)) ^ OrdB„+, ifirM) provided that (ci, ji) ^ (02,^2). (10) 

Set f„(TO) = [(/^'"'(TO))de-Bo]i=i,2,3: ™ G N, and take a divergent sequence {TO„}„gN C N such 
that {fn(m„)|M=u/3}neN fo|M=u/3 in the w(|Mcu/3)-topology and { maxc„ |/i'"(TO„)|}^^j^ -J> 
for all dGBo and j G {1, 2, 3}. 

Set f„ = f„(m„) for all n G N, and let us show that {f„}„eN solves the claim. 

Items (i) is obvious, and item {ii) follows from equation (10) and the facts that rj'j has poles 
at Ek for all fc G {a + 1, . . . , a + b} and r?"(/) has poles at Ek for all A; G {1, ... , a} and f G C 

Let us check (in). Up to removing finitely many terms of {fn}neN, we can assume that: 

(a) ||x • f„|| < 1 on M'^ U (3 for all x G i^o (see equation (9)), and so 1 + x • f„ and 2 + x • f„ never 
vanish on Af^ U /3 for all x G ifo. 
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(b) 1 + X • f„ and 2 + x • f„ never vanish on C„ for all n and x e -fCo- 

Since + |?72 I never vanishes on A'', (a) and (6) give that Y^j^i ' ^n)\ never vanishes on 

M U /? U C„ for all n. Taking into account that |1 + /| + |1 + 2/] never vanish on N for all n € N 
and f & C and the choice of C„, Y^j=i ' fn) I never vanishes on iV — (M U /? U C„) and we are 
done. □ 

Proof of the Algebraic Bridge Principle : For the sake of simplicity, write Vn — Qn,f„ , n € NU {0}. 
Since the coefficients of the vectorial polynomial functions {'Pn}raeN converge to the ones of Pq, 
'Pn\Ko '■ VniKn) is a biholomorphism and T'n{Ko) contains the origin as interior point 

provided that n is large enough (up to removing finitely many terms, for all n). 

Lc^t y„ G Kq denote the unique point satisfying Vn{yn) = 0, and notice that lim„^ooyn = 0. 
Set p7 := ri^iYn ■ f„), J = 1, 2, := (/.^(y„ • f„), fc = 1, 2, 3, and define 

Y^:N^S.\ r„(P) =X(Pi)+Re / (V-fe )fe=i,2,3, n G N, 

J Pi 

where Pi — 13 f] Mi. By (8) and the choice of y„, V'fe ~ 0fe is an exact 1-form in 22J^ (Af^ U /3) and 
Yn is well defined. Moreover, Lemma 4.3 and Osscrman's theorem imply that Yn G £x„{N). As 
Pj |m<=u/3 = (l+j(yn-fn|M<=u/3))^('7j'|M<=u/3-%) + (l+j(yn-fn)|M<=u/3)^%, then Lemma 4.1, Lemma 
4.3 and the fact that {ynjneN ^ give that {p" — )7j}„_>.N — >■ in the w(M'^ U /3)-topology. There- 
fore {(yn|Mu/3, cy„)}neN ^ -'^tr in the C°(MU/3)-topology, proving the first part of the Theorem 4.1. 

For the second one, let V be an annular extension of of M U ^ in A/' and take C > 0. Since any 

annular extension of M U /3 contains a trivial one, we can suppose without loss of generality that 
y is a trivial annular extension of MU/3. Let be a Jorge-Xavier type labyrinth in V° — (MU /?) 
adapted to C and V'a , that is to say, a finite collection of pairwise disjoint closed discs in V— (MU/3) 
such that ji/ig I > C for any compact arc 7 C V — Ln connecting d{M) U /3 and d{V) (see [8] 
or [15]). Consider another Jorge-Xavier type labyrinth L'^ obtained as a small trivial annular 
extension of L„ in V° - [M yj /3). By Theorem 2.1, there is {hn,m}mm C S'(A^o) n ^Ti^") such 
that \hm,n\ < l/m on M= U /3, |/i™,„ - m| < 1/m on and (/i„'™)o > Ilj^i ^^7'' ^ N. 

Set <^7'" = e-'*"-77^ (^;^'" = e'^—ry^, and call Ti"'" = l/2{^'l'"' - (^^'"), Tj"'™ = i/2(¥'?''" + 
^^'"') and r^''" = ^3". For any / G £, label (p5''™(/) = e-^^-'-vnf), ^2'™(/) = e'^"-%"(/), and call 
r^'if) = l/2(<^"-"(./) - V2"\.f)),j2^"' = ^mfl'"'{f) + </'2'"(/)) and r3"'"(/) = V'3"(/). Define 

Vn.m ■ C'^" C''"°, Vn,m{x) = [(/rf ' fn ) " (^j )<ieBo] ^^1,2.3 ' ^^^^'^ {"^n.mlmGN ^ "Pn Uniformly 

on compact subsets of C"", Pn,m|ifo • — ^ Pn,miKo) is a biholomorphism and G 'Pn,m{Ko) — 
d{Vn,m{Ko)) as well, m is large enough (without loss of generality for all m). Furthermore, if 
yn,m e Ko denotes the unique point satisiying 'P„.m(y„,m) = 0, then lim^^oo yn,m = Yn- Call 

pn,m ^ e-^..^7jnyn,m ' fn), ^2'"^ = e-''"-r?2"(yn,,„ ' fn), V^r'™ = l/2(Pl''" " ^2'"), ^2"'" = 

i/2(pr™ + P2''"), V-s" = ^nyn,m ■ f„), and set 

Yn,m : iV ^ M^ y„,,„(P) = X(ri) + Re /''(Vfc'")fc=i,2,3- 

Note that Yn,m is well defined, {Yn,m\Mu0,'^Y^,r^) € ^^^(MU/?) and (F„,„|mu/3, cry„,„) and X^. are 
homologically equivalent on Af U ,5, m G N. Moreover, {(1^,to|mu/35 o'Y'„,^)}meN ^ (^Imu/S, o'Fn) 
in the C°{MU /3)-topology for all n. 

On the other hand and by Jorge-Xavier arguments, the facts that {e'^'" "}meN oo uniformly 
on and {(Yn\Mui3T '^Y„)}neN ^ in the C^{M U /3)-topology imply the existence of a large 
enough m„ G N such that dy^^^^^M U f3,d{V)) > C for each n G N. Furthermore, the sequence 
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{"^n}neN can be chosen so that {{Hn\Mu0,<^Hn)}neN — in the C^{M U /3)-topology, where 
H„ = F„,m„, n e N. 

Unfortunately, Hn is not necessarily of FTC, and we have to work a little more. Fix a closed 
disc Do C N — V and an analytic arc in iV — {V° U Dq) joining d(V) and d{Do), and note 
that N — {V LI Do LI P') is a, finite collection of pairwise disjoint once punctured open conformal 
discs. Set X!^ = Hn\vuDoUi3' and write a'^ for the conormal field with respect to to X'^ along 
By the first part of the proof, there exists {Z„j}jgN C ^(x;) , {^) such that {{Zn,j,<7Zn,j)}jeN 
{X'j^,a'„) in the C°(F U Dq U /3')-topology. Without loss of generality, we can also suppose that 
dz^j{M U P,d{V)) > C for all j. Since {{Zn,j\Mui3,'7Zr,,j)}jeN (ifn|Mu/3, for all n, and 
{(-ffn|Mu/3, o'/f„)}raeN a Standard diagonal process provides a sequence {^n}neN C £x,{N) 

such that {(^„|Afu/3,crz„)}„gN ^ ^.7 in the C°(M U ^)-topology and dz„{M U > C for 

all n, concluding the proof. □ 



4.2 Main results 

In this subsection we approach the problem of approximation by minimal surfaces with arbitrary 
conformal structure and flux map. We start with the following basic consequence of Theorem 4.1. 

Corollary 4.1 (Basic Approximation) Let N he an open Riemann surface of finite conformal 
type, and let M be a proper (possibly non compact) region in N with compact boundary such that 
N — M consists of a finite collection of pairwise disjoint once punctured conformal discs. 

Then for each X G £n{M), constant C > 0, and annular extension V of AI in N, there exists 
{Yn}neN e £iN) such that {Yn\M}neN X in the C°{M) -topology, dY„{M,d{V)) > C for all n, 
and pyJhi(m,z) =Px- 

Proof: Fix a closed disc Dq (Z V — M and an analytic arc P m N — {V° U Dq) joining d{V) and 
d{Do), and note that N — {V U DqU 13) is a finite collection of pairwise disjoint once punctured 
open conformal discs. Take any Xq <E £n{Do) and consider an immersion Y (E £n{M U Dq U /3) 
so that Y\m = X, Y\vo = Xq- Take also an orientable normal field a with respect to Y along /3. 
Applying Theorem 4.1 to 1^ we are done. □ 

Given an open surface N a subset S C N, and a continuous map X = (Xi, X2, X3) : 5 — > M^, 
we write ||X||o = snpgiE^ Xjy^\ 

We are going to obtain a wide wide generalization of this corollary (see the General Approxi- 
mation Theorem below). We first need the following lemma: 

Lemma 4.4 Let N be an open Riemann surface, and let Mi and M2 be two proper regions in N 
of finite conformal type. Assume that M2 is an extension of Mi (possibly M2 = N), and consider 

an immersion X G £jv(Mi). 

Then, for any C > 0, e > 0, and group homomorphism extension q : i?i(M2,Z) — >■ R of px, 
there exists Z G £m{M2) such that \\Z\mi — -^||o < e, dz{Mi,d{M2)) > C andpz = q. 

Proof: Label fo, ao and 60 as the genus, number of annular ends and number of boundary 
components of K := M2 — . We reason by induction on the Euler characteristic xi^) = 
2 — 2^0 — ao ~ bo < oi K (which makes sense even if K is not connected). 

If x{K) = then M2 is an annular extension of Mi. Take a trivial annular extension M2 of 
M2 in N, and let ii be a conformal compactification of M2 , hence of Mi . Let E c R — M2 be a 
finite subset meeting each connected component of i? — M| in a unique point, and observe that 
X e £r_e{Mi). By Corollary 4.1, there is X G £{R - E) satisfying that \\X\m^ - X\\o < e and 
d-^{Mi,d{M2)) > C. Set Z = X\m2 and notice that Z e £n{M2). Taking into account that the 
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homomorphism : Hi{Mi,Z) — > iJi(M2,Z) induced by the inclusion map j : Mi M2 is an 
isomorphism, pz = q and we are done. 

Assume that the lemma holds when xi^) > n, n < 0, and suppose that x{K) = n — 1. Since 
X{K) < 0, there exist an analytic Jordan arc (3 G K O M| with endpoints Pi, P2 in d{K) n d{Mi) 
and otherwise disjoint from d{K), and such that K — (3 contains no connected components with 
compact closure that are disjoint from d{M2). Let W be a trivial annular extension of Mi U /3 in 
M|, and notice that M2 is an extension of W and x(-^i) = x{K) + 1 > ri, where Ki :— M2 — W° . 
Consider an smooth loop 'y C W containing /3 and such that Hi{W,Z) = Hi{Mi U = 
ifi(Mi,Z) ® Z[7]. Construct X'^ e E^iMi U fi) such that X'|mi = X and px;(7) = (7(7), and 
observe that px'^ = 'z|ifi(Miu/3,z)- Take a trivial annular extension W* of in Mj, call i? as 
a conformal compactification of W* (hence of W), and write E C R — W* for a finite subset 
intersecting any component of i? — W* at a unique point. By Theorem 4.1, there is Y £ £{R — E) 
such that \\Y\miup - X'Im^upWo < e/2 and PvlHiiMiuBX) = Px'^- 

Since Y\w e £n{W), we can apply the induction hypothesis to W, M2, and Y\w to find Z S 
£jv(M2) so that ll^lw-i^kllo < e/2, dz(VF, o>(A/2)) > C and pz = q. Therefore, \\Z\m^-X\\o < e 
and dz{Mi,d{M2)) > dz{W,d{M2)) > C, closing the induction and proving the lemma. □ 

Theorem 4.2 (General Approximation) Let M be a Riemann surface of finite conformal type 
and d{M) 7^ 0, and let M* be an extension of M with d{M*) = 0. Consider an immersion 
X G £m'{M) and a linear extension q : ffi(M*,Z) — >■ R of px- 

Then, there exists a sequence of conformal complete minimal immersions {Yn}nen € £{M*) 
such that {Yn\M}nm -^Y in the C^{M) -topology and py„ = ?• 

Proof: It suffices to prove that for any e > there is 1^ e £{M*) such that ||5^|m — -'^Ho < e and 
Py =q- 

Let E* denote the set of annular ends of finite conformal type in M* , and denote by M* := 
M* U E* the Riemann surface obtained by filling out the punctures in E* . If M* is compact, the 
theorem follows from Lemma 4.4, hence we can suppose that M* is not compact. We will assume 
that c M* and write Eq = M" n E* (hence M = M'' - Eq). 

Consider an exhaustion Nq — C iVi C C ... of M* by compact regions such that Nj+i 
is an extension of Nj and Ej := E* Ci Nj C N° for all j > 0. Write Nj for Nj - Ej and notice 
that Nj = Nj, j > (so A^o = M). Set Yq = X and use Lemma 4.4 to construct immersions 
Yj e £M*{Nj), j > 1, satisfying that: 

(i) \\Yj+i\n, - YjWo < e/2J+i and py^ = q\H^{N,.m)^ ^r all j > 0. 

(ii) The intrinsic distance rfy^^^ (y,+i(A,), y,+i (a(A,+i))) > 1 for all j > 0. 

Let Ye '■ M* — >■ be the possibly branched minimal immersion given by Y|jv^. = lim^^cx) ^IaTji 
j e N, and note that lim„^.oo \\{Ym - Y^)\n^ \\o = for all j and \\Y^\m - X\\o < e. 

Let us show that Y^ has no branch points. Indeed, let {gm,4'™) denote the Weierstrass data 
of Ym, m £ N, and likewise call {g,4>3) as the ones of Y^. Obviously, {gm,<I^T)}meN id^^t^a) 
uniformly on compact subsets of M* . Take an arbitrary po G M*, and consider jo G N such that 
Po € N°^. Up to a rigid motion, g{po) 7^ 0, 00, hence we can find an closed disc D C Aj^ such 
that Po G D° and gmlo, m e N, g\D are holomorphic and never vanishing. Since Y^ has no 
branch points, ^3* has no zeroes on D for all m. By Hurwith theorem, either ^3 = of ^3 has 
no zeroes on D as well. In the first case the identity principle gives 03 = on Af*, contradicting 
that ||y — A||o < e provided that e is small enough. This shows that Y^ is a conformal minimal 
immersion. 

Finally, let us sec that Y^ is complete and of WFTC. By Osserman's theorem, the Gauss map 
of Yj extends meromorphically to Nj, j € N. Since \\Yj — FeljVjUo is finite then Yj — Y^ extends 
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harmonically to Nj for all j € N. So, the Gauss map of extends meromorphically to M* as well 
and Yf\Nj has finite total curvature for any j. It remains to check that is complete. Indeed, 
obviously those curves in M* diverging to an end of E* have infinite intrinsic length with respect 
to Moreover, condition (m) implies that any curve in M* diverging in M* has also infinite 
intrinsic length and e £{M*). Clearly py^ = q and we are done. □ 

Given an open Riemann surface N, an immersion X G S{N) and 9 G 9(1D)), we set Xg = Rc( / 9 ■ 
dzX^ and call {Xg : 9 G 3(D)} C £{N) as the family of associated minimal immersions of X 
(well defined only when d^X is exact). The next corollary generalizes Pirola's results in [16]: 

Corollciry 4.2 For any open Riemann surface N, there exists Y G £{N) such that all its associated 
immersions are well defined. In particular, the space £{N) ^ 0. 

Proof: Fix a closed disc D C N and an immersion X G £m{D). By Theorem 4.2, there is 

{Yn]nefi C £{N) such that {Fnl^jngN X m the C"(D)-topology and pY„ = <Zo for all n, 
where go '■ Hi {N, Z) — R is the null homomorphism. The corollary follows straightforwardly. □ 
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